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1. (4%, 4%, 4%, 4%)
(a) Write down and prove the boundary conditions of D using the divergence theorem and
Stokes’ theorem.
(b) Write down and prove the boundary conditions of H using the divergence theorem and
Stokes’ theorem.
At the interface between a metal and a linear dielectric ~dielectric (Sr =4 and W,=2)

(whose parameters are shown in the figure),

(c) write down Ej ., E,...> El.., and E},~in terms Gfand KJ
of surface charge o ; metal ( n=1 )
.
(d) write down By, ., Biy> Bliowe, and Bl in terms

of surface current K Iz

[Assume that the magnetic field is generated by the surface current.].

2. (6%, 6%, 5%)
(a) Find the magnetic field a distance z above the center of a circular loop of radius R, which

carries a steady current /.

Helmbholtz coil: a convenient way of producing uniform field. R
(b) Find the magnetic field (B) along the z axis as a function of z. Il\ f‘_‘-(—‘-‘f_ —
(c) Show 0B/oz is zero at the point midway between them. {

[Hint: Use the coordinate defined in the figure.]

3. (3%, 3%, 5%, 5%) If J =0 everywhere, the curl of H vanishes, and we can express H as the
gradient of a scalar potential W: H=-VW .
(a) Show that V’W =(V-M). [Hint: use the divergence of H].
Consider a uniformly magnetized sphere (M = Mz ) of radius R.
(b) Write down W in the regions » <R and » > R where V-M =0 using Legendre
polynomial.
(c) Write down the boundary conditions, and determine the coefficient.
(d) Find the magnetic field B outside of the magnetized sphere.




4. (3%, 4%, 4%, 4%, 4%) A metal sphere of radius a carries a charge Q. It is surrounded, out to

radius b, by linear dielectric material with susceptibility y, .
(a) Find the electric displacement D in the regions r<a, a<r<b, andr >b;
(b) Find the polarization P in the regions a<r<bandr>b;
(c) Find the bound volume charge p, and the bound surface
charge o, in the dielectric material;
(d) Find the electric field E in the regions r<a, a<r<b, and
r>b;
(e) Find the potential on the surface of the metal sphere relative to

infinity.

5. (8%, 8%) A long cylindrical conductor of radius R carrying a uniform current
density Jy in the z direction (pointing outward) has a cylindrical hole of
radius a along its entire length, as shown in the figure. The center of this
hole is offset from the center of the conductor by a distance d.

(a) Find the magnetic field B outside the conductor.
(b) Find the magnetic field B at any point inside the hole.

[Hint: Express B in the vector form and use the principle of superposition. ]

6. (8%, 8%) A bar magnet of radius R and length L is magnetized with a uniform
magnetization M in the z axis as shown in the figure.
(a) Find the bound volume current J, inside the magnet and the bound
surface currents K, on both ends and the cylindrical surface.

(b) Find the magnetic field along the z axis. Use the technique similar to that
of the solenoid and express you answer in terms of 6, and 6, .




1.

(a) @D ’ da = Qenc’ (Djbove - Djelow)a = O-fa = Dﬁbove - leelow = O-f
q-)E ' dg = 0’ (D‘Lllbove - Dlllyelow)g = (Pybave - Pll7lelow)£ = D!zbnve - Dlll)elow = Pcll‘bnve - Pfla‘elow
(b) CﬁB ’ da = O’ (Halbove - HbLelow)a = (Malbove - M;elow)a = HaLbove - HbLelaw = Malbove - MbLeluW
@H ) dﬁ = Ienc’ (Hltllbove - Hlllvelow)g = Kfz = Hltllbove - Hlll;elow = Kf
(C) D}J;elow = 0’ Diz_bove = O-f = (("Eiz_bove = E;)_elnw = O’ Ejt_bove = O_f/480
D|1|7elow = 0’ Dﬂlbnve = 0 = El[‘)elow = 0’ E!zbnve = 0
(d) Hjt_bove = HIJ)_elow = O = Bfl_bove = 0’ B;)_elow = 0
H‘tllbove = _H‘ll)elaw = K/2 = Blzlzbove =/LlHlbove = ILlOKf’ Bll‘)ElDW=ILlH|l|76]0W = _/’lOKf /2
2.
I ' C .
(a) B(r)= 'ZLI dlrj f . Choose a cylindrical coordinate (s, ¢, z).
T
In the diagram only the z-component of (dl'x ) survives.
z-component of (dl'x ') =dl'cos @ = R cos Od ¢
L2: 21 - and sinf=—-; R21/2
r- (R+z") (R°+2z7)
B _,uOIJ-dl'xr_yOIJ-M R ¢_,uol R’
© 4rx r’ 4 90 (R*+2°)(R* +2°)"? 2 (RP+z2°)"”
(b) B.(2)= B, (z-d)+B,,,(2)
Mol R’ Mol R’
B, (z)= and B, (d)=
i (2) 2 (R?+z%)? (@) 2 (R*+(z—-d)*)*"?
2 2
B(Z)ZIUOI 2R23/2+lu01 2 A 2\3/2
2 (R:+2%) 2 (R2+(z—d))
2
(C) aB(Z) - _ ILlOIR §[2Z(R2 +ZZ)5/2 + 2(Z_d)(R2 + (Z_d)Z)S/Z], 6B(d/2) — 0
0z 2 2 0z
2
6Ba(z) - _ ﬂO;R %[2Z(R2 _I_ZZ)S/Z +2(Z_d)(R2 + (Z_d)Z)S/Z], aB(ad/Z) — O
Z

(d) Determine d such that GZB/ 0z> =0 at the midpoint, and find the resulting magnetic field at the
center.
0°B(z) _ 3u,IR’
oz’ 2

— 5 [(RZ+ZZ)—5/2_522(R2+ZZ)—7/2+(R2+(Z_d)2)—5/2_S(Z_d)Z(R2+(Z_d)2)—7/2]

Q[Z(RZ +2°)"? +(z=d)R* +(z—-d)*)’"*]
0z
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\J
A
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’B(d/2) _ 3ulR’

2 12 -1/2 2 12 _ 12
R+ (2(1? +5)) 5(2)J

0z* - 2
0’B(d/2) . , o dy, d.,
—= =0, ie. |(R®+(=))=5(>)"| = d=R
P (( (2)) (2)
3.
B 1 ) )
(@ V-H=V-(—-M)=—V-B-V-M=-VW = VW =V-M
Hoy Hy
W, (r,0)=> Ar'P(cosb)
(b) V*W =0forr<R and r>R =0
W, (r,0)= ZB VP (cos )
=0
W, (R, 9) W,.(R,0)
© WO, WO _ o)
81” |r=R 61’ r=R
A[Rf :BgR_(g-H)
D (—LAR™ +(t+1)B,R""P)P,(cos 0) = M cos(6)
=0
o AR=BR™ N A=M/3
(-4, +2BR) =M B,=MR’/3
(#1, 4, =B,=0
3
d w,(r ,H)=MR LcosH
7"
3 3 .
B, () =0, = 000y L o=, M 2600 50
3 or ro 3 r r

Wm:%rcosé?:%z = B, (r,0)=u,(- VW +M)—g,u0Mz (reference)

(a) D="L¢ = D(r<a)=0, D(a<r<b)= sz', D(r > b)= sz'
r drr drr

B 7 _ X 0 _
(b) P=ysE= (1+16)D = P(a<r<b)= Ty ~f, P(r>b)=0

B X. 20
(¢) plasr<b)=-V- P_—(l+ze)47rr

Gb(r:a)=P~ﬁ:L 0 Fo(-f)=—— e 0

(I+y,) 4ra’ (I+y,) 4rna’
o (r=b)=Ph=—FYe__© py-_K Q

r
(1+y,) 4rnb’ (1+y,) 4nb’

-4 - /:{



(d) E=L = E(a<r<b)= 5 0 r, E(r>b)= Q2
1+ x.)e, drr-(1+ y,)e, drre,
1 1 1

e e gr-ggr-2 &, ¢ 1 1
@ Vir=a)=-[ E-dt-[[E-dt pry T ST R

(f) Find the electrostatic energy of this configuration.

5.
(a) Outside the conductor: Use the principle of superposition B=B, +B,
Consider a conductor of radius R carrying a current density J=J,Z,

and another conductor of radius a carrying a current density J=-J,Z.
2

R . . S A A A
B =/‘0J0 2xt, and B =_szr :_sz(r—d)
1 2 1
2r 2r 25

2 2 2
PIAL [ S PSP
2 {r 7 7

(b) Inside the hole

B, _ I g = Hodo Zxr,
2 2
B, :—Mixf‘l :_ﬂ‘)—‘]oixr1 :Mix(d—r)
2 2 2
B:ﬂo—JOixd
2

6.

(a) J,=VxM =0 inside the magnet.
K,=Mxn=M q@ on the surface of the cylinder.
K, =Mxn=Mzxz=0 on both ends.

My ( KxT My ( KxTF
b) B(r)=—"|——da="—
(b) B(r) 47r-[ r? ¢ 47["- r?

It is azimuthal symmetric, so only the z conponent survives dB,
r =RsecO, z=Rtané, dz = Rsec’ 0d0,

dB. _ My Z\:[smzé?
4 R sec” @

27 Rdz ,

27R- Rsec’ 0d6 :%M sin 6d6

B :J.elﬂMsianH:&M(cos@z—cos@l)
) 2

A

r



